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Security Administration under Contract DE-AC04-94-AOne challenge in designing web conveyance systems is controlling the displacement and vibration of the
webs by guides without introducing instabilities or higher frequency disturbances from ﬂange impacts. A
solution to this problem is to use an actively or passively tilted guide or roller to steer the web. In this paper,
a model of tilted guides with friction is developed, and it is shown that tilted guides produce a change in the
web’s displacement, slope, bending moment, and shear force. When the web is conceptually unwrapped
from its path, the normal force between the web and a tilted guide has a component that acts in the direc-
tion of the web’s lateral displacement, resulting in an equivalent force and bending moment acting on the
web. The model is validated by measurements, and is compared to a previously existing model of guide tilt.
In the conﬁgurations studied, the displacement of the web near the guide is linearly dependent on the tilt
angle and tension and it increases exponentially with the web’s span length. When the guide’s tilt is ori-
ented towards the center of the web’s wrap around the guide, the equivalent bending moment is zero in
the absence of friction, and there is good agreement between the model developed in this paper and the
previously existing model. However, when the center of the web’s wrap is oriented 90 away from the
guide’s tilt orientation, the equivalent force is zero in the absence of friction, and measurements demon-
strate the necessity of the equivalent bending moment.
Published by Elsevier Ltd.1. Introduction
The mitigation and control of the lateral vibration of axially-
moving materials is a key problem affecting the magnetic tape,
automotive belt drive, conveyor belt, polymer web, sheet metal,
and paper processing industries. Models of the displacement and
vibration of axially-moving materials (Wickert and Mote, 1988;
Young and Reid, 1993), termed webs, include traveling strings
(Chen, 2005) and membranes (Shin et al., 2004), and traveling ten-
sioned beams (Wickert and Mote, 1990) and plates (Lin, 1997). The
web itself travels over a series of guides and rollers that are used to
both constrain its lateral motion and position the web in its path.
Solutions to passively control the displacement of the web in-
clude the use of ﬂanged edge guides and surface guides. Edge
guides use rigid or compliant ﬂanges to apply lateral forces to
the narrow edge of the web to constrain lateral vibration. The judi-
cious design and placement of edge guides along the path can sig-
niﬁcantly reduce the steady-state vibration amplitude (Kartik and
Wickert, 2006; Chakraborty and Mallik, 1999); however, contact
between the webs and the guide’s ﬂanges can excite high fre-Ltd.
andia Corporation, a Lockheed
of Energy’s National Nuclear
L85000.quency vibration (Boyle and Bhushan, 2006). Non-uniform or
asymmetric edge loading via the ﬂanges can even lead to the
web wrinkling (Kim, 2009). In surface guiding, edge contact is
avoided entirely, and lateral vibration is controlled by distributing
friction forces over the relatively broad face of the web’s width
(Ono, 1979). This approach is particularly effective at mitigating
high frequency vibration (Kartik and Wickert, 2007); however, in
some applications it can exacerbate the disturbances (Cheng and
Zu, 2003). Dry friction guides are associated with the instability
of moving string models at supercritical speeds (Cheng and
Perkins, 1991; Chen, 1997), and the instability range extends to
subcritical speeds (Zen and Müftü, 2006) with axial acceleration.
An alternative approach to control the displacement of the
axially-moving materials is to use a tilted roller or guide. A web
winding around a tilted roller is modeled in Shelton and Reid
(1971a,b) with a kinematic boundary condition that matches the
velocity of the web to the velocity of the roller. Extensions of this
method focus on adapting it to higher order models (Benson,
2002) and controlling the lateral position of a web by actively tilt-
ing or laterally displacing rollers (Sievers et al., 1988; Yerashunas
et al., 2003; Shin and Kwon, 2007). The effect of tilting a smooth
tilted post on the displacement of a beam is developed in Eaton
(1998). This model shows that a smooth tilted post with a station-
ary beam wrapped around it affects the beam’s displacement,
slope, and shear force. Models and an experiment using an actuator
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bending moment, and shear force are shown to be effective in
attenuating the vibration of the string (de Queiroz et al., 1999;
Nagarkatti et al., 2002), and the efﬁcacy of using an actively tilted
guide to steer an axially-moving material is demonstrated in Xia
et al. (2005).
In what follows in Section 2, a new model of guide tilt is devel-
oped that incorporates friction at the interface between the guide
and the web. It is found that in addition to the tilted guide produc-
ing a change in the web’s displacement, slope, and shear force,
there is an additional change in the web’s bending moment, even
in the absence of friction. While the present model and (Eaton,
1998) are similar in several aspects for the case of a smooth, fric-
tionless, tilted post, the differences are highlighted in a validation
study presented in Section 3, which demonstrates the necessity of
including the change in the material’s bending moment.x1
(1)
x2
(1)
θ
α
r
(a)2. Guide tilt model
The web is conceptually unwrapped from its path and modeled
as having displacement z in the lateral direction (the x3 direction in
Fig. 1), transport speed v, and tension T that extends from x = 0 to L
in the global axial coordinate system. A guide is located at an arbi-
trary position along the path such that its surface is ﬁrst contacted
by the web at x = L1, and has friction coefﬁcient l, radius r, and
wrap angle h2  h1, where the positions along the guide at which
the web ﬁrst contacts it and the web loses contact are denoted h1
and h2. Although tension T is constant in each free span, it increases
from T0 at h1 along the guide’s circumference following:
TðhÞ ¼ T0elðhh1Þ: ð1Þ
The effect of friction on the web’s lateral motion is further discussed
in Ono (1979), Kartik and Wickert (2007), Brake and Wickert
(2008).
In Fig. 1(a), a cylindrical guide is tilted an angle d from the
global x3 axis, which is orthogonal to the system’s global x1  x2
datum plane. The guide’s orientation is deﬁned such that the pro-x3 x3
(1)
x1
(1)
x2
(1)
δ
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Fig. 1. (a) Deﬁnition of the tilt angle d and (b) deﬁnition of the tilted cross section’s
height h(h).jections of the guide’s local xð1Þ1 and x
ð1Þ
3 axes onto the x1  x2 plane
are coincident, while the local xð1Þ2 axis lies in the x1  x2 plane. The
guide’s local coordinates are related to the global coordinates by
the tilt orientation angle a, and the position along the guide h is
deﬁned relative to the xð1Þ1 axis, as shown in Fig. 2(a). A disc formed
from the cross-section of the guide (Fig. 1(b)) has height
hðhÞ ¼ r sinðdÞ cosðhÞ; ð2Þ
from the x1  x2 plane and has position along its edge s = Jrh, with
J = 1 for counter-clockwise wrapping of the web and  1 for clock-
wise wrapping. The web wraps around the guide with a helix angle
w (Fig. 2(b)) and has engagement length
sp ¼ Jrðh2  h1ÞcosðwÞ : ð3Þ
The tilted guide produces a change in displacement z of the web
zd ¼ hðh2Þ  hðh1Þ þ
Z h2
h1
Jr tanðwÞdh
¼ r sinðdÞ cosðh2Þ  cosðh1Þð Þ þ Jrðh2  h1Þ tanðwÞ; ð4Þ
and a change in slope
/d ¼
dh
ds

h2
h1
¼ J sinðdÞ sinðh2Þ  sinðh1Þð Þ: ð5Þ
The slope of the web / over the guide with respect to the global
coordinates is related to the helix angle w throughx1
(b)
x1
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(1)
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δ
Fig. 2. (a) Relation of the global coordinates x1 and x2 to the local coordinates x
ð1Þ
1
and xð1Þ2 by the orientation angle a, and (b) deﬁnition of the inlet slope /1 at h1 and
the outlet slope /2 at h2 with respect to the global coordinate system, and the helix
angle w deﬁned relative to the local coordinate system.
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ds

h
þ w: ð6Þ
In the web transport systems considered, both w and / are small
such that tan(w)  w in Eq. (4).
While the normal force per unit of length N(h) = T(h)/r acts per-
pendicular to the guide’s surface, it has a component that is re-
solved in the x3 direction as shown in Fig. 3. Integration of the
lateral component of the normal force yields an equivalent force
and bending moment that acts on the unwrapped web at
(h1 + h2)/2
Fd ¼
Z h2
h1
NðhÞsinðdÞcosðhÞrdh
¼T0 sinðdÞ
l2 þ1 e
lðh2h1Þ lcosðh2Þ þ sinðh2Þð Þ

 lcosðh1Þ þ sinðh1Þð ÞÞ ð7Þ
Md ¼
Z h2
h1
FðhÞ h2 þ h1
2
 h
 
r2dh
¼T0r sinðdÞ
l2 þ1 e
lðh2h1Þ lh1  h2
2
þl
2 1
l2 þ1
 
cosðh2Þ

 h2  h1
2
 2l
l2 þ1
 
sinðh2Þ

 lh2  h1
2
þl
2 1
l2 þ1
 
cosðh1Þ  h1  h22 
2l
l2 þ 1
 
sinðh1Þ
 
:
ð8Þ
For the case of no friction, Fd and Md simplify tox3
(1)x3
δ
θ  − θ 12
F
M
δ
δ
Fig. 3. The normal force N(h) between the guide and the web has lateral component
N(h) sin (d) cos (h), which can be expressed as an equivalent force Fd and momentMd
acting on the unwrapped tape.Fd ¼ T0 sinðdÞ sinðh2Þ  sinðh1Þð Þ ð9Þ
Md ¼ T0r sinðdÞ h2  h12 sinðh2Þ þ sinðh1Þð Þ þ cosðh2Þ  cosðh1Þ
 
:
ð10Þ
The results (2)–(5) and (9) agree with the derivation of Eaton (1998)
for the case of no friction; however, the present analysis concludes
that there is also an equivalent bending moment (8) that acts on the
web.
For a guide with an arbitrary force–deﬂection constitutive rela-
tionship FG(z) acting at the center of the wrap length, guide tilt
changes the reference datum of the guide by a height h((h1 + h2)/
2). In the simple case of a linear, compliant guide of stiffness K,
the force–deﬂection relationship is FG = Kz for a guide without tilt.
In the presence of tilt, the force–deﬂection constitutive relation-
ship becomes
FG ¼ K z h h1 þ h22
  
¼ K zþ r sinðdÞ cos h1 þ h2
2
  
: ð11Þ3. Validation study
The test stand shown in Fig. 4 is used to validate the tilted guide
model. A pressurized air bearing guide, which has l = 0 due to an
air bearing between the guide and the web, is mounted to a ﬁxed
axis rotation stage termed a goniometer. An adapter plate ﬁxes the
guide such that the center of the guide’s surface is coincident with
the center of the goniometer’s axis of rotation. Clamped-free spec-
imens of magnetic tape are mounted in three different conﬁgura-
tions that vary the wrap angle h2  h1. The clamped end is ﬁxedAir Pump
Goniometer
Adapter Plate 
Pressurized Air
Bearing Guide
Fotonic Sensor
(a)
0.05 kg Weight
(b)
Post and Mount
Translation Stage
x    axis3
(1)
x    axis1
(1)
x    axis2
(1)
L1
LS
Fig. 4. The test stand used in the model validation study in the ﬁrst conﬁguration,
viewed from (a) above and (b) the side.
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Fig. 5. Displacement of the web as a function of the tilt angle d for the ﬁrst
conﬁguration with (a) L = 0.285 m and L1 = 0.157 m, and (b) L = 0.500 m and
L1 = 0.395 m. The present model (—), (Eaton, 1998) (----), and measured values
(x) are shown; h2  h1 = 90, a = 45, and LS = 0.050 m.
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mass attached to it. The displacement of the web is measured at
a distance LS from the inlet of the guide with an MTI Fotonic sensor.
Material properties and lengths of the specimen and parameters
for the test stand are listed in Table 1.
The deﬂection of the web is calculated using a static Euler-
Bernouli model for a clamped-free, tensioned beam divided into
two sections x 2 (0,L1) and x 2 (L1 + LR,L)
EIz0000  Tz00 ¼ 0 ð12Þ
zð0Þ ¼ 0 z0ð0Þ ¼ 0
zðL1Þ  zðL1 þ LRÞ ¼ zd z0ðL1Þ  z0ðL1 þ LRÞ ¼ /d
z00ðL1Þ  z00ðL1 þ LRÞ ¼ MdEI z
000ðL1Þ  z000ðL1 þ LRÞ ¼ FdEI
z00ðLÞ ¼ 0 z000ðLÞ ¼ 0;
ð13Þ
where ()0 indicates differentiation with respect to the global axial
coordinate x and LR = r(h2  h1) is the wrap length. The solution in
each span j is of the form
zðxÞ ¼ cj1e
ﬃﬃ
T
EI
p
x þ cj2e
ﬃﬃ
T
EI
p
x þ cj3xþ cj4; ð14Þ
with coefﬁcients cj1  cj4 that are solved simultaneously using the
boundary conditions of Eq. (13). Over the guide x 2 [L1,L1 + LR], the
web is wrapped in a helix with displacement
zðxÞ ¼ zðL1Þ þ hðhðxÞÞ  hðh1Þ þ
Z hðxÞ
h1
Jr tanðwÞdh
¼ zðL1  LRÞ  r sinðdÞ cosðhðxÞÞ  cosðh1Þð Þ
þ JrðhðxÞ  h1Þ dzdx

L1LR
 J sinðdÞ sinðh1Þ
 !
; ð15Þ
and has angular position h(x) = (x  L1)/r + h1. For comparison, the
same solution technique is used to ﬁnd the displacement predicted
by Eaton (1998).
In the ﬁrst conﬁguration (shown in Fig. 4), the web has a wrap
angle of 90. The tilt angle d is varied from 0 to 9.1 mrad for two
different lengths of tape (L = 0.285 m in Fig. 5(a) and 0.500 m inTable 1
Parameters for the validation study.
Parameter Value
Bending stiffness, EI 9.988 mNm 2
Coefﬁcient of friction, l 0
Guide radius, r 15.85 mm
Tension, T 0.5 N
Specimen 1
Span 1 length, L1 0.157 m
Total length, L 0.285 m
Specimen 2
Span 1 length, L1 0.395 m
Total length, L 0.500 m
Specimen 3
Span 1 length, L1 0.076 m
Total length, L 0.254 m
Test stand conﬁguration 1
Inlet angle, h1  90
Outlet angle, h2 0
Sensor position, LS 0.050 m
Test stand conﬁguration 2
Inlet angle, h1 0
Outlet angle, h2 180
Sensor position, LS 0.050 m
Test stand conﬁguration 3
Inlet angle, h1  30
Outlet angle, h2 0
Sensor position, LS 0.040 mFig. 5(b)). The displacement of the web at x = L1  LS increases lin-
early with d for both lengths, and as the length is increased, the dis-
placement of the web at the sensor position is likewise increased.
At this scale for this conﬁguration, there is no appreciable differ-
ence between the present model and (Eaton, 1998). The effect of
the ﬁrst span’s length L1 on the web’s displacement, with L held
constant, is reported in Fig. 6 for the ﬁrst conﬁguration. The dis-
placement increases exponentially with L1, suggesting that proper
selection of span lengths is just as important as the tilt angle for pas-
sively controlling the web’s displacement. In this conﬁguration,
there is a 3.8% difference at L1 = 0.15 m between the two models,
with measurements equally supporting both models. Likewise, as
the tension is varied in Fig. 7 for the ﬁrst conﬁguration, the displace-
ment of the web increases linearly with a 3.5% difference between
the twomodels for T = 0.5 N. In these cases, there is good agreement
between the experimental data and bothmodels since the contribu-
tion ofMd in the ﬁrst conﬁguration is small compared to Fd.
In the second conﬁguration, the web has a wrap angle of 180,
the tilt angle is varied from 0 to 9.1 mrad for two different speci-
men lengths (L = 0.285 m in Fig. 8(a) and 0.500 m in Fig. 8(b)),
and the displacement of the web is measured at x = L1  LS. Similar
to the ﬁrst conﬁguration, as the length is increased the displace-
ment of the web at the sensor position is also increased, and theD
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Fig. 6. Displacement of the web as a function of the ﬁrst span’s length L1 in the ﬁrst
conﬁguration for the present model (—), (Eaton, 1998) (----), and measured values
(x); h2  h1 = 90, a = 45, LS = 0.050 m, L = 0.285 m, and d = 9.09 mrad.
D
is
pl
ac
em
en
t z
(L
  )
, 
0.3 0.4 0.5 0.6 
100
200
300
400
Tension T, N
μm
S
Fig. 7. Displacement of the web as a function of the web’s tension T in the ﬁrst
conﬁguration for the present model (—), (Eaton, 1998) (----), and measured values
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L1 = 0.395 m. The present model (—), (Eaton, 1998) (--- -), and measured values
(x) are shown; h2  h1 = 180, a = 0, and LS = 0.050 m.
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ment between the present model and the data; however, because
(Eaton, 1998) does not consider the equivalent bending moment,
it predicts negligible displacement at the sensor location for all d.
The orientation angle a of the tilt axis (measured counter-clock-
wise from the xð1Þ1 axis shown in Fig. 4) is varied in Fig. 9(a) for the
ﬁrst conﬁguration and in Fig. 9(b) for the second conﬁguration.
When the center of the wrap angle b = (h2 + h1)/2 = 90 (at
a = 45 in Fig. 9(a) and 0 in Fig. 9(b)), (Eaton, 1998) predicts no
displacement while the present model predicts-15 and 66 lm for
the ﬁrst and second conﬁgurations respectively. This result holds
even for small span lengths and wrap angles, as shown in Fig. 10
for the third test stand conﬁguration and third specimen. Fig. 11
shows that the contribution ofMd to theweb’s displacement ismost
signiﬁcant for b near ± 90 and for large wrap angles. The relative
contribution of the moment term with respect to the force term
g ¼ zðLSÞ  zEðLSÞ
zEðLSÞ

; ð16Þ
where zE is the displacement calculated from Eaton (1998), in-
creases as the wrap angle h2  h1 is increased. For h2  h1 = 180,
g > 0.1 over 64% of b 2 ( 180,180), and g > 1 for 10% of b.
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Fig. 12. Displacement of the web as a function of the center of the wrap angle b for
coefﬁcients of friction l = 0,0.1,0.2,0.3,0.4, and 0.5; L = 0.285 m, L1 = 0.157 m,
LS = 0.080, h2  h1 = 90, and d = 9.09 mrad.
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Fig. 12 for h2  h1 = 90. As l is increased, the displacement with
respect to b becomes skew symmetric because of the friction
increasing exponentially along the length of the guide. Away from
b 2 [  105,  90] and [75,90], the magnitude of the web’s dis-
placement increases with l. The point at which the displacement
of the responses coincides is shifted 15 from ±90 by the presence
of friction in this conﬁguration.
4. Summary
A model of guide tilt with friction and arbitrary force–deﬂection
constitutive relationship is developed in order to calculate the
change in displacement, slope, bending moment, and shear force
for a web wrapped around a tilted guide. The model is validated
for the case of a frictionless post by measurements and is com-
pared to the previously existing model (Eaton, 1998) of guide tilt.
The primary conclusions and contributions are:
1. The normal force between a web and a tilted guide has a com-
ponent that acts in the direction of the web’s lateral displace-
ment, resulting in an equivalent force and bending moment
acting on the web.
2. The displacement of the web at a position near a tilted guide is
linearly dependent on the guide’s tilt angle (for small tilt
angles) and the web’s tension and is shown to increase expo-
nentially with the web’s span length.
3. When the guide’s tilt is oriented towards the center of the web’s
wrap around the guide, the equivalent bending moment is zero
in the absence of friction and there is good agreement between
the present model and (Eaton, 1998).
4. When the center of the wrap is oriented 90 away from the
guide’s tilt orientation, the equivalent force is zero in the
absence of friction, and measurements demonstrate the neces-
sity of the equivalent bending moment term.
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